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Abstract The function 

1-2-K i-I-k 



W(a,b) 



/ dx I dy ln[l— a cos x— 6 cos y— (1— a— b) cos(x+y)] 



which expresses the spanning-tree entropy for various two dimen- 
sional lattices, for example, is evaluated directly in terms of stan- 
dard functions. It is applied to derive several limiting values of the 
Triangular lattice Green function. 



PACS: 02.30.-f, 05.50+q 
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Introduction 

The function 

W(a,b) = / dx I dy ln[l — a cos x — 6 cos y — ccos(a; + y)] 
Jo Jo 

with a + b + c = 1 arises frequently in the statistical physics and combinatorics 
of two dimensional lattice systems. For example: 

(i) a = b = 1/2 

_ ln(2) W(a,b) 
sq 2tt 2 + 4tt 2 
is the spanning-tree entropy for the square lattice[l]. 

(ii) a = b = 1/3 

_ln(6) W(a,b) 

is the spanning-tree entropy for the triangular lattice [2]. 
(iii) 

sinh K\ 

a = 



b = 



sinh K\ + sinh K2 + sinh K3 

sinh K2 
sinh Ki + sinh K 2 + sinh if 3 



Fj = ln(2) + ln[sinh ifi + sinh K 2 + sinh Jf 3 ] + W ( a ' b ) 
is the critical free energy of the Ising model on a triangular lattice [3]. 

By comparing the free energies of various Potts models which are known to 
be related and have been worked out in different ways, Chen and Wu[4] have 
proposed that 

d6 d<p\n[A + B + C- AcosO-B cos 4>-Ccos(e + 4>)} 
4tt Jo Jo 

= - In(25) + -[Ti 2 {AS) + Ti 2 {BS) + Ti 2 {CS)] 

TT 

where A, B, C > and S = l/^AB + BC + CA. The aim of this note is to 
provide a direct proof of this formula. 

Calculation 

By symmetry, one easily finds 

W(a,b) = 2[W+(a,b) + W-{a,b)] (1) 

where 

W±(a,b) = / dx dy ln[l — a cos x — 6 cos y — ccos(x ± y)]. 
Jo Jo 
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Next, we make the standard change of variable 

u = tan(x/2) v = tan{y/2) 

to obtain 

w i u\ A f°° r dudv i r 



2 



/ Jo (l+U 2 ){l+V 2 ) L (1+ U 2)(1 +U 2 )J 

r0 ° '°° dudv 



+4j( ^ in[M 2 - a (M 2 -« 2 (i+« 2 ))-KM 2 V(iW))]^ ;iji!i !/J . 

The first integral is elementary, giving 

W+(a,b) = -37r 2 ln(2) 

f°° f°° \n[c{u + v) 2 +au 2 (l + v 2 )+bv 2 {l + u 2 )] 1 , 

+4 / / — — - , K — . -s " -dudv. 

Jo Jo 



{l + u 2 )(l + v 2 ) 
Similarly, 

W-(a,b) = -37r 2 ln(2) 
f°° f°° \n[c{u - v) 2 + q M 2 (l + v 2 ) + bv 2 (l + u 2 )] A 
+ Jo Jo (l + u 2 )(l + v 2 ) 

By inserting the last two expressions into (1) and noting that the resulting 
integrand is even in ti, we have 

W(a, b) = -f27r 2 ln(2) + 8F(a, b), 

where 

POO J pOQ J 

F(a,b)= / -p-j / ln[(l - b)u 2 + (l-a)v 2 + (a + b)u 2 v 2 + 2cuv] . 

Jo t + u J_ oa 1 + v 

Next, let u = vw to obtain 

+ i°° ^rn?) £ ;?r^ "* -»+(!- °>» 2 + (» + "i" 2 '" 2 + 2 H. 

The first integral vanishes and since [5] 

/ f W jo Haw 2 + 2(3w + 7] = 3 ln[arf 2 + 7 + 2tV<*7 - /3 2 ] , 
J w z + d z a 

after the substitution w = 1/z, 
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F(a,b) = 

tt / — — ln[(l - a)z 2 + (1 + a) + 2^/[ac + 6(1 - 6)]z 2 + (1 - b){a + b)]. (2) 
Jo J- + z 



Now, let us define 



A _ ycot(0/2) B _ t/tan^/2) 



l + v/TT^ i + v /r^2- 

Then (A + B)/(l - AB) = yescfl, so tan~ 1 (ycsc6) = tan- 1 A + tan" 1 B. How- 



ever, 



d f csc6 tan 1 (yu) , 
ait 



d f 

csctf tan^csc^--^ 



d f tan 1 u , 
cscutan A=—— / du 



cscutan B=—\ au. 

dO 



Hence, since both sides vanish for 9 = it/2, 



f C t -^f=Mdu = Ti 2{ A)-Ti 2{ B) 
Jl v« - 1 

Ti 2 (z) = I 
Jo 



where 

dx. 



With 



/ 6 2 — a 2 + 1 /.T 2 - a 2 + 1 

g = CSC 'V 1-a 2 ' ^ = V«- 2 -l. M = V 1-a 2 



in (3) one obtains 
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dx _-, \/a; 2 — a 2 + 1 
tan 



V^ 2 - a 2 + 1 



(3) 



^(^^)-H^^)' <4) 

We next consider the integral 

ff (a, 6) = / ln[v/6 2 (.s 2 + 1) + 1 + a] 

JO S + L 

for which it is elementary to determine 

g(a,0) = |ln(l + o) 
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d . . tan-^Vw 2 + 1 - a 2 la) 
o« Vu 2 + 1 - a 2 

Therefore, by integrating over w using (4), we find 

, n 7T, „ . m / Vb 2 + 1- a 2 + b\ m /\/6 2 + l-a 2 -6\ 
ff (a, 6) = - ln(l + a) + T* 2 ^ _ j - T* 2 ^ _ j 

which is easily transformed into 

Jo X + 1 z 

1,0 + \ll 2 -a 2 j \:l + V-t 2 - a 2 J 

The argument of the logarithm in the integrand of F(a, b) in (2) can be 
factored: Let R = ^[ac + 6(1 - b)]x 2 + (1 - 6)(a + 6); then 

(1 - a)x 2 + 1 + a + 2R = 

[ac + 6(1 - b)}- 1 [a(l - a) + 26c + (1 - a)i?] [a + R]. 

The integrals resulting from inserting this into (2) are either elementary or can 
be evaluated by using (5). After some algebraic manipulation, we obtain 

W(a, 6) = 4tt 2 In ^ 

+8ir[Ti 2 (a/d) + Ti 2 {b/d) + Ti 2 {c/d)] (6) 

where d = \J ab + 6c + ac, which is equivalent to Chen and Wu's formula. 

In conclusion, we list a few values of the anisotropic triangular lattice Green 
function that can be obtained from (6) by differentiation. Here, A(a, 6, c) = 
a + b + c — a cos x — 6 cos y — c cos(ir + y), d= \ / ab + bc + ca. 

2 W 2 V A(1 '°' 0) - 



A(a,6, c) 

47T„ . r 7r a(6 + c) + 26c ,. , q . (6 + c)d. . 

^ + ^2 + a(b + c) ^ ^ - tm 

r 2?r />2tt 



/ (ice / 
Jo Jo 



A(0,0,1) 



Jo A(a,6,c) 



47T, ,, r 7r (a + 6)c + 2a6 _ 1 .(a + 6)d, 1 

-?r(a + 6) - + - — / ,n tan Vc/cH-tan V^- ^-) 

d 2 v ;L 2 (a + 6)c v 7 7 v a6 + d 2 7J 

,2* n2n A(111) 4 2 

7 7 A(a,6,c) d 2 
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8ir r bc—a 2 i . , ac — b 2 , ., . ab — c 2 , . , ,., 

+ tan _1 (a/d H ; tan" 1 6/d + tan -1 (cAf) . 

cr a o c 

7 7 ' y A(a,6,c) d 2 v ; 
+J[(6-a) tan- 1 (c/rf) + ( fl +&+ 2c(fl b +&) )tan- 1 (&/d)-(a+b+2c+ 2c(fl a +b) )ton- 1 (a/d)] 



Acknowledgement This work was supported in part by the Spanish MEC 
(BFM2002-03773 and MLG grant SAB2003-0117) and Junta de Castilla y Leon 
(VA085/02). MLG thanks the Universidad de Valladolid for hospitality and the 
NSF (USA) for partial support (DMR-0121146). 



G 



References 

[1] Wu FY 1977 J.Phys.AlO L113 . 

[2] Glasser ML and Wu FY 2004 Ramanujan Journal (to appear) 

arXiv: cond-matter/ 0309198 

[3] Houtappel RMF 1950 Physica 16 425 

[4] Chen LC and Wu FY 2004 arXiv:cond-matter/0501228 

[5] L. Lewin, Dilogarithms and Associated Functions[1958, MacDonald &: 

Co, Publishers, London] p. 268. 



7 



